Energies, transition probabilities, and lifetimes are calculated for 3d 2 states in Ca-like ions with nuclear charges Z ranging from 22 to 100. Relativistic many-body perturbation theory ͑MBPT͒, including the Breit interaction, is used to evaluate retarded M 1 and E2 matrix elements. The calculations start from a 1s 2 2s 2 2p 6 3s 2 3p 6 Dirac-Fock potential. First-order perturbation theory is used to obtain intermediate coupling coefficients and second-order MBPT is used to determine matrix elements. Contributions from negative-energy states are included in the second-order M 1 and E2 matrix elements. The resulting transition energies and lifetimes are compared with experimental values and with results from other recent calculations.
I. INTRODUCTION

Levels in the 3d
2 ground-state multiplet along the calcium isoelectronic sequence have been observed experimentally for ions with nuclear charge Zу22. In three NIST publications, energy levels of the 3d 2 were identified by Edlén in Ref. ͓4͔ . Forbidden lines were also observed in several nebulae and hot stars. Among these, the slow nova RR Telescopii was investigated by Thackeray ͓5͔, who gave accurate spectroscopic data collected during the period . A detailed analysis of the 3d 2 forbidden transitions in Fe 6ϩ was given by Ekberg in Ref. ͓6͔ , where wavelengths and intensities of the 17 forbidden transitions within the 3d 2 multiplet were predicted and compared with Thackeray's line list. The 3d 2 level structure in Fe 6ϩ was interpreted theoretically in Ref. ͓6͔ and energy parameters, determined from least-squares fits to the observed levels, were compared with Hartree-Fock calculations. Ekberg also calculated magnetic dipole ͑M1͒ and electric quadrupole ͑E2͒ transition probabilities using the Cowan code ͓7͔. Altogether, Ekberg ͓6͔ identified 11 stellar lines from Thackeray's line list as forbidden transitions within 3d 2 ground-state multiplet in Fe 6ϩ . One of the first calculations of the 3d 2 energy levels and forbidden transition probabilities within the 3d 2 configuration was presented by Warner and Kirkpatrick ͓8͔ who derived empirical Slater parameters from a study of energy levels in the isoelectronic sequence Ti 2ϩ -Ni 6ϩ . Energy matrices were constructed using the Cowan code and line strengths for M 1 and E2 radiation were evaluated in Ref. method was found to be well-suited to low and medium ionization stages while MCDF method was judged superior for highly-charged ions where relativistic effects become important ͓11͔. These conclusions, of course, depend on the choice of configurations.
In the present paper, relativistic many-body perturbation theory ͑MBPT͒, including the Breit interaction, is used to evaluate retarded M 1 and E2 matrix elements. Second-order MBPT using a Dirac-Fock basis allows one to consider correlation effects directly by summing over virtual states. This method has been used recently to obtain accurate excitation energies and transition rates in Be-like ͓15-20͔, B-like ͓21,22͔, and in Mg-like ͓23͔ ions for a wide range of Z. Our calculations start from a 1s 2 2s 2 2 p 6 3s 2 3 p 6 Dirac-Fock potential. First-order MBPT is used to obtain intermediate cou-pling coefficients and second-order MBPT is used to determine matrix elements. The transition energies used in the calculation of transition rates are evaluated using secondorder MBPT. Contributions from negative-energy states are included in second-order M 1 and E2 matrix elements. Excitation energies, transition probabilities, and lifetimes are evaluated for all states in the 3d 2 ground-state multiplet for Ca-like ions with nuclear charges Z from 22 to 100.
II. THEORETICAL TECHNIQUE
The MBPT formalism developed previously ͓15-23͔ for ions with two valence electrons is used here to obtain second-order energies and to evaluate first-and second-order transition matrix elements in Ca-like ions. Differences between the present calculations and previous MBPT calculations for Be-like and Mg-like ions are primarily due to the model space (3d3dЈ instead of 2l2lЈ or 3l3lЈ) and the Dirac-Fock potential (1s  2 2s  2 2p  6 3s  2 3p  6 instead of 1s  2 or  1s 2 2s 2 2p 6 ). These differences lead to lengthier numerical calculations.
A. Model space
The model space for the 3d 2 complex in Ca-like ions consists of nine even-parity states. These states are summarized in Table I where both j j and LS designations are given. When starting calculations from relativistic Dirac-Fock wave functions, it is natural to use j j designations for uncoupled transition and energy matrix elements; however, neither j j or LS-coupling describes physical states properly, except for the two single-configuration states 3d 3/2 3d 5/2 (1)ϵ3d 2 3 P 1 and 3d 3/2 3d 5/2 (3)ϵ3d 2 3 F 3 . Strong mixing between 3d 3/2 3d 5/2 (J) and 3d 5/2 3d 5/2 (J) states with Jϭ2 or 4 leads to rapid variations with Z in the Grotrian energy diagram. The variation of the 3d 2 levels from Zϭ22 to Zϭ27 was shown by Ekberg ͓6͔; however, it was not evident from Ref. , it is reasonable to use the LS coupling scheme, while for high Z (ZϾ52), the j j coupling scheme is preferable. Both designations are shown in Fig. 1 : LS for low Z and j j for high Z.
B. Excitation energy
Details of the theoretical method used to evaluate secondorder energies for Ca-like ions have been presented previously in Ref. ͓15͔ for Be-like ions and will not be repeated here. The energy calculations are illustrated in Table II (2) . We also give the total theoretical energy E (tot) . As can be seen, the secondorder contribution is about 3% of the total energy but is from 10% to 30% of the excitation energy. This table shows clearly the importance of including second-order contributions. In Fig. 2 , we show the Z-dependence of the E (2) corrections given in Table II . As can be seen from this figure, the second-order energy E (2) slowly increases with Z and is in the range 6 -10ϫ10 4 cm Ϫ1 .
C. Electric quadrupole transitions
We designate the first-order quadrupole matrix element by Z
(1) , the Coulomb correction to the second-order matrix element by Z (2) , and the second-order Breit correction by B (2) . A detailed discussion of the first-order quadrupole matrix element is given in Appendix A. The evaluation of Z (2) and B
(2) for Ca-like ions follows the pattern of the corresponding calculation for Be-like ions given in Ref.
͓19͔.
The quadrupole matrix elements are calculated in both length ͑L͒ and velocity ͑V͒ forms. The differences between L and V forms, are illustrated for the uncoupled 3d 3/2 3d 3/2 (0) -3d 3/2 3d 5/2 (2) matrix element in Fig. 3 . In the Coulomb approximation, the first-order matrix element Z 
and B (2) is much larger in V form as can be seen by comparing the upper and lower panels in Fig. 3 . The differences between L and V forms shown in Fig. 3 are compensated by ''derivative'' terms P (derv) . It should be noted, that
The cusp in the L-form matrix element Z (2) in the lower panel of Fig.  3 ͑absolute values are shown in the figure͒ is caused by cancellation of random-phase approximation ͑RPA͒ Z (RPA) and correlation Z (corr) diagrams, each of which is a smooth function of nuclear charge Z.
Physical two-particle states are linear combinations of uncoupled two-particle states (vw) in a model space having fixed values of angular momentum and parity; consequently, the transition amplitudes between physical states are linear combinations of the uncoupled transition matrix elements such as those shown in Fig. 3 . The expansion coefficients and energies are obtained by diagonalizing the effective Hamiltonian as discussed in Ref. ͓15͔ . The first-order expansion coefficient C 1 (vw) is the th eigenvector of the firstorder effective Hamiltonian, and E 1 is the corresponding eigenvalue. In the present calculation, both Coulomb and Breit interactions are included in the first-order effective Hamiltonian. The coupled transition amplitude between the Ith, initial eigenstate, which has angular momentum J, and the Fth final state, which has angular momentum JЈ, is given by
In this equation,
Uncoupled matrix element for 3d 3/2 3d 3/2 (0) Ϫ3d 3/2 3d 5/2 (2) calculated in length and velocity forms. 
͑2.2͒
where ⑀ vw ϭ⑀ v ϩ⑀ w and Z (1ϩ2) ϭZ (1) ϩZ (RPA) ϩZ (corr) . Using these formulas and numerical results for uncoupled reduced matrix elements, we transform from uncoupled reduced matrix elements to intermediate coupled reduced matrix elements between physical states.
A qualitative difference between the E2 transitions studied here and the E1 transitions studied previously in Refs. ͓18,19͔ is that E2 transitions can occur between states with vwϭvЈwЈ while the corresponding E1 transitions are forbidden. In such cases
It was already mentioned that the value of P L (derv) in length form is larger by a factor of 2 than the value of P V (derv) in velocity form. As a result, there are huge differences between transition amplitudes calculated in length and velocity forms. These differences are compensated by the velocity form of the second-order diagram Z (corr) discussed in Appendix B:
where
As a result, we obtain an additional contribution to the transition amplitude in velocity form:
The above contribution completely compensates the difference between transition amplitudes calculated in length and velocity forms for vw͑J͒-vw͑JЈ͒ transitions. Let us confirm this conclusion for the transition 3d 3/2 3d 5/2 (3)-3d 3/2 3d 5/2 (1). In this example, both initial and final states are singleconfiguration states in any coupling scheme. In Table III 2 3 F 4 , I 2 ϭ3d 2 1 G 4 , and ͓ j jJ͔ designations for uncoupled states 3d 3/2 3d 5/2 ͑4͒ and 3d 5/2 3d 5/2 ͑4͒, we can rewrite T͓I k ϪF͔ (k distinguishes the two possible initial states͒ in the following way:
We list the individual contributions to this transition for Ca-like Mo in Table IV . Results are given for Coulomb and DF potentials. It should be noted, that the 3d 3/2 3d 5/2 (4) Ϫ3d 3/2 3d 5/2 (3) transition is treated in the same way as the 3d 3/2 3d 5/2 (3)Ϫ3d 3/2 3d 5/2 (1) transition ͓see Eqs. ͑2.3͒-͑2.5͔͒. In order to avoid divergence in the numerical calculations of Z (corr) in Eqs. ͑2.4͒, we set ϭ10 Ϫ7 instead of zero. As can be seen from Table IV , we obtain complete agreement between the results calculated in L and V forms for the Coulomb potential and 1-4% disagreement between L and V results in the DF potential. In a Coulomb potential, even the first-order matrix elements are identical in the two forms for uncoupled matrix elements.
In Fig. 4 , we plot the relative difference between line strengths calculated in length form (S L ) and velocity form (S V ) starting from the DF potential. The Z dependence of the ratios (S L ϪS V )/S L are shown for transitions between 3d 2 TABLE III. Breakdown of the E2 coupled reduced matrix element in length (L) and velocity (V) forms for the 3d 3/2 3d 5/2 (3)-3d 3/2 3d 5/2 (1) transition in Mo 22ϩ . Notation: 3 F 2 -3 P 0 , 3 F 2 -3 P 1 , and 3 F 3 -3 P 1 . As can be seen from the figure, the ratios change slowly with Z and are in the range 1-10%.
D. Magnetic dipole transitions
We evaluate M 1 amplitudes and line strengths for magnetic dipole transitions in Ca-like ions with nuclear charges Zϭ25, 30, 40, 60, 80, and 100. We find that LS forbidden transitions with ⌬Sϭ1 and ⌬Lϭ2 become allowed in j j coupling. The 3 F 2 -3 P 2 transition has the smallest line strength among the transitions considered; this LS forbidden transition remains forbidden in the j j coupling scheme. Negative-energy corrections to M 1-amplitudes have been recently studied for Be-like ions in Ref. ͓20͔. The leading term for transitions inside the 3d 2 configuration is of order 1 and arises from the nonrelativistic allowed lowest-order transition. The relative contribution of negative-energy states to the uncoupled magnetic dipole amplitude scales as ␣ 2 Z. Consequently, negative energies states contribute less than 1% for transitions between levels of 3d 2 states. Negativeenergy contributions are more important for transitions between different configurations with ⌬nϭ1 ͓20͔.
III. RESULTS AND COMPARISONS
We calculated energies of the nine 3d j 3d j Ј (J) excited states for Ca-like ions with nuclear charges ranging from Z ϭ22-100. Reduced matrix elements, transition amplitudes, and transition rates are also determined for all 25 allowed and forbidden electric quadrupole and 14 allowed and forbidden magnetic dipole transitions for each ion.
A. Energy levels
In Table V 
As can be seen from Figs Fig. 8 . As can be seen from Fig. 8 , the value of A M 1 for the 3 F 2 -3 P 1 transition changes by 15 orders of magnitude from Zϭ22 to Zϭ100. The transitions between 3 F and 3 P terms are LS allowed in the case of electric quadrupole transitions. These transitions are shown in the lower panel of Fig. 7 . The A E2 value of the 3 F 2 -3 P 0 transition changes by three orders of magnitude from Z ϭ22 to Zϭ100.
In Table VI , we present line strengths S for magnetic dipole lines in Ca-like ions with nuclear charges Zϭ25, 30, 40, 60, 80, and 100. Although these S-values are obtained in the intermediate coupling scheme, both LS and jj designations are given in the table. As can be seen, LS forbidden transitions with ⌬Sϭ1 and ⌬Lϭ2 with very small S values for Zϭ25 and 30 become allowed in j j coupling. The 3 F 2 -3 P 2 transition has the smallest S value among the transitions shown in Table VI . This LS forbidden transition re- mains forbidden also in the j j coupling scheme. The secondorder contribution alone is responsible for the nonzero S value of the 3d 3/2 3d 3/2 (2)-3d 5/2 3d 5/2 ͑2͒ transition.
In Table IV 
C. Lifetimes in Ca-like ions
In Table VII , a subset of our MPBT data is presented for the nine 3d 2 levels of Ca-like ions. The difference in the lifetimes of the individual multiplet levels increases when Z increases.
Contributions of different channels to the lifetimes of the 3d 2 1 D 2 , and 3d 2 1 S 0 levels are shown in Fig. 9 . The curves represent the ratios of individual transition probabilities A k to the sum of all transition probabilities ͚ k A k for the level considered. It is seen from Fig. 9 
IV. CONCLUSION
In summary, we present a systematic second-order relativistic MBPT study of energies, reduced matrix elements, line strengths, and transition rates for allowed and forbidden electric quadrupole and magnetic dipole transitions within the 3d 2 multiplet for Ca-like ions with nuclear charges ranging from Zϭ22 to 100. The retarded dipole matrix elements include correlation corrections from Coulomb and Breit interactions. Contributions from negative-energy states were also included in the second-order matrix elements. Both length and velocity forms of the electric quadrupole matrix elements were evaluated, and small differences, caused by the nonlocality of the starting DF potential, were found between the two forms. Second-order MBPT transition energies were used to evaluate transition rates.
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APPENDIX A: ELECTRIC QUADRUPOLE MATRIX ELEMENT
The first-order reduced quadrupole matrix element Z 2
for the transition between two states vw(J) -vЈwЈ(JЈ) is ͓18͔ The second-order correlation contribution for E2 matrix element Z (corr) for transition between two states vw(J) and vЈwЈ(JЈ) is ͓19͔
